We study magnetic reconnection events in a turbulent plasma within the two-fluid theory. By identifying the diffusive regions, we measure the reconnection rates as function of the conductivity and current sheet thickness. We have found that the reconnection rate scales as the squared of the inverse of the current sheet's thickness and is independent of the aspect ratio of the diffusive region, in contrast to other analytical, e.g. the Sweet-Parker and Petscheck, and numerical models. Furthermore, while the reconnection rates are also proportional to the square inverse of the conductivity, the aspect ratios of the diffusive regions, which exhibit values in the range of 0.1 − 0.9, are not correlated to the latter. Our findings suggest a new expression for the magnetic reconnection rate, which, after experimental verification, can provide a further understanding of the magnetic reconnection process.
I. INTRODUCTION
During magnetic reconnection processes magnetic field lines in a plasma recombine, and thereby abruptly change their topology. Such processes are present in a wide range of physical systems in very different regimes, including, among others, fusion reactors [1] , Earth's magnetic belt, solar corona and chromosphere [2] . Magnetic reconnection is thought to be the underlying cause of solar coronal mass ejection and polar auroras [3] . Due to a very efficient conversion of magnetic energy into kinetic energy, the time and energy scales involved can be of an extreme magnitude [4] . Since the early 50s, this phenomenon has been investigated under different perspectives, both in theoretical and experimental studies. Although great progress in computational, experimental and observational physics has been made [5, 6] , many crucial aspects of magnetic reconnection are not yet fully understood, e.g., the interplay of small-scale physics in the diffusive region with the global dynamics of the system [7] , or the role played by turbulence and three-dimensional asymmetries [8, 9] .
In early attempts to explain this phenomenon, Sweet [10] and Parker [11] set up the frame upon which modern studies of magnetic reconnection are based. They estimated the dependence of the reconnection rates on geometrical quantities of the process, and described the first simple two-dimensional steady-state scenarios. In particular, they contemplated two opposed magnetic flux tubes of length L pushed together to a distance δ, thus creating a central diffusive region with vanishing magnetic field. As it can be seen in Ref. [11] , a geometry with small aspect ratio, i.e. δ L, is assumed. Parker showed that the plasma is drawn into the diffusive region across the magnetic flux lines and expelled at much higher velocity from the sides, together with recombined magnetic lines. He expressed the reconnection rate as the ratio of the inflow velocity to the outflow velocity v in /v out . Later, Petscheck extended this work by introducing stationary slow mode shocks connecting the inand outflow regions [12] . Since the plasma flow is not bound to flow only across the magnetic field lines of the flux tubes, the diffusive region has a larger aspect ratio, and an increased reconnection rate. Nevertheless, both the Sweet-Parker and Petscheck reconnection rates fail to recover higher rates observed experimentally. The SweetParker and Petscheck approaches, their limits, and their relevance to this paper are briefly outlined in Sec. I A.
One of the aspects not considered by the Sweet-Parker and Petscheck approaches, is the influence of turbulence. Especially in astrophysical plasmas, turbulence is common, as, e.g., in situ observations of Earth's bow shock showed [13] . Recently, many numerical studies tend to focus on this aspect, e.g. in simulations of Earth's magnetosphere [14] . Earth's magnetosphere is also the subject of study of a mission by NASA, the Magnetospheric Multiscale Mission (MMS) [15] . MMS consists of four satellites currently flying in formation through the day-side magnetopause and the magnetotail. For the first time, the diffusive region in Earth's magnetosphere during reconnection processes is being measured with enough space and time resolution to appreciate small scale physics. Turbulence in the diffusive region, is shown to play a role in the enhancement of magnetic reconnection, e.g. in 2D simulations of single reconnection sites with a background turbulence [16] . Some numerical studies also focus on dynamical systems with multiple reconnection sites rather than considering a single reconnection event. For instance, in Ref. [17] , it is shown that reconnection rates are enhanced by global turbulence. However, the mentioned 2D model were based on magnetohydrodynamics (MHD), neglecting relevant processes coming from the interaction between electrons and ions, e.g. the Hall effect.
Recent experimental and theoretical studies on twofluid plasmas, pointed out how the interaction of electrons and ions through Coulomb collisions is decisive for the dynamics of the system. In the case of low density plasma, such as astrophysical plasmas in Earth's magnetosphere, as studied by MMS [15] , the one-fluid MHD approach fails to recover essential dynamics and electronion interactions [8] . For this, the two-fluid approach is more appropriate as it presents several advantages in comparison to other methods, e.g., the MHD assumption of a vanishing electrical field within the plasma is relaxed [7] . This is why the two-fluid model is very well suited for the study of plasmas in which the differential flow of electrons and ions plays a major role. For example, during magnetic reconnection events in highly diluted plasmas with low collisionality between electrons and ions, the different species of particles are allowed to follow different paths. The differential flow generates a Hall effect that affects the dynamics in the diffusive regions in a non-linear manner [18] . In the MRX experiment [7] , it has been shown by tuning the density of the plasma that this effect directly influences the shape of the diffusive region and the reconnection rate. By increasing the density of the plasma, and thus the collision frequency between electrons and ions, in the mentioned work the diffusive region recovers a Sweet-Parker-like profile with a small aspect ratio. When the plasma is sufficiently diluted, i.e., a low collision frequency, the diffusive region assumes a Petschek profile with a larger aspect ratio and an increased reconnection rate. A more detailed discussion on the two-fluid model and its relevance to this work follows in Sec. I B.
The goal of our work is to study multiple magnetic reconnection processes in a turbulent plasma, by identifying the diffusive regions and propose a relation for the magnetic reconnection rate as function of the plasma parameters, within a more microscopic description using two-fluid plasma theory. Our numerical simulations are implemented using a Lattice-Boltzmann code, as described in Ref. [18] , which has been proven to be an effective and flexible method for the study of plasma dynamics [19, 20] . In our work, various magnetic reconnection processes are induced by turbulence in a system which is larger than the typical flux tube length L. We measure the reconnection rates in the diffusive regions identified by an algorithm. A strong correlation between the reconnection rates and the inverse squared conductivity, as well as between the reconnection rates and the inverse of the squared current sheet's thickness can be noted. This findings differ from Sweet-Parker's and Petscheck's models. Another interesting fact, is that while changing the conductivity of the plasma over an order of magnitude, the aspect ratio did not present any noticeable change.
Our work is organized as follows: In Sec. I A we review the theory on the first models on magnetic reconnection. In Sec. I B, we describe the adopted mathematical method, and how this has been implemented in our numerical simulations. The results are then analyzed in Sec. II. Finally, in Sec. III, we discuss our results and draw some conclusions.
A. Sweet-Parker and Petscheck Models
In MHD, plasma is considered as a fluid composed of charge carriers such as electrons and ions, but with no net charge. The main quantities of the plasma flow and the electromagnetic fields are often given in dependence of the magnetic field. This is viewed as the primary field from which all the others are computed.
Let us start with the Maxwell equations,
where E and B are the electric and magnetic field, j and ρ ε the current and charge densities, and µ and the magnetic permeability and electric permittivity, respectively. In the non-relativistic regime, i.e., the fluid's motion is confined to velocities much smaller than the speed of light, the electrical currents in the plasma can be expressed with the help of the inertial-frame Ohm's law, which reads
or from Ampere's law, by taking the curl of the magnetic field and neglecting the partial time derivative:
By combining equations (3) and (2), we obtain the electric field
and, by taking the divergence from the latter, the charge density
can be expressed in terms of the magnetic field. The time evolution of the magnetic field closes this set of equations, which can all be determined for a known initial configuration of B. Taking the curl of Eq. (4), using the Maxwell equations for the rotation of E and the divergence of B, yields the induction equation:
where η m ≡ 1/ (µσ), known as magnetic diffusivity, is proportional to the inverse of the Spitzer conductivity σ and the permeability of free space µ. The electromagnetic fields, as well as j and ρ ε , can now be calculated starting with the magnetic field B.
From the induction equation, it can be seen that when the magnetic diffusivity is low, the magnetic field is mainly advected by the flow of the plasma. This is the case when the magnetic Reynolds number Re m = V L ηm , where L and V are the characteristic size and velocity of the system, is much greater than one. In this regime, the magnetic field is tied to the plasma which drags its lines along with the flow. Due to this effect, the magnetic field lines are not able to diffuse and rearrange, which is also known as Alfvén's frozen in theorem [21] . This is only possible if the local conditions are far from the assumed ones. In the late 1940s, Sweet's interpretation of the phenomenon [10] was that when two magnetic flux tubes are pushed together by external forces, the strong curvature in the magnetic field makes the last term on the right hand side of Eq. (6) non-negligible. The magnetic field lines are then able to diffuse in a small region (the diffusive region) between the flux tubes, and recombine their topology. This generates a current sheet within the plasma, and once the recombined magnetic lines leave the diffusive region, material is accelerated to high velocities by the strong curvature in the magnetic field. A characteristic quantity of the system is the reconnection rate Γ, which is the ratio between the inflow and outflow velocity of the plasma. In the early 1950s, Parker made the following estimation [11] of the reconnection rate in the setup proposed by Sweet. Consider two flux tubes in the X − Y plane, of length of L, being pushed to a distance δ. An E × B drift will generate a flow of material towards the center of the system. In the limit of incompressibility, the amount of plasma flowing in will match the outflowing plasma, thus the approximation L |v in | = δ |v out | holds throughout the process. This means that the Sweet-Parker reconnection rate can be expressed as
If L >> δ, i.e., if the two flux tubes are pushed closely together, it follows that the outgoing velocity is much greater than the inflow velocity. The reconnection rate, can also be expressed in terms of characteristic plasma parameters in the following way. According to Eq. (3), the curl of the magnetic field will generate an out of plane current J z = ∇ × B/µ ∝ B 0 /µδ, where B 0 is the characteristic field strength. With a negligible magnetic field in the diffusive region (which extends across a depth of δ), Ohm's law simplifies to J = σ E, with the conductivity σ. As already mentioned, at the border of the diffusive region, an E × B drift will generate a flow of material towards the center of the system, across the magnetic field lines which are, in that region, negligible. Using Ohm's law and the curl of the magnetic field, the velocity of inflowing material can be estimated as
Neglecting the relatively small inflow velocity in the diffusive region and balancing the magnetic and dynamic pressure inside and outside of the region,
yields an outflow velocity of
where V A is the Alfvén velocity of the system. By taking the ratio of inflow and outflow velocity, the Sweet-Parker reconnection rate is calculated as
Note that multiplying the reconnection rate from Eq. (7) with the one obtained in Eq. (11), one has
where S is known as the Lundquist number of the system. A particular feature of the Sweet-Parker reconnection is that the diffusive region presents a very thin depth δ compared to its elongation L. Some years later, Petschek proposed a model [12] based on slow-mode shocks, in which plasma is not bound to diffuse only in the central region of the system. This opens the outflow of plasma, thus increasing the reconnection rate, which in his model is calculated as
In resistive MHD, numerical studies only recover the Petscheck aspect ratio when in the diffusive region a locally larger resistivity is used. In experimental studies, e.g. [7] , it is shown that the Petscheck profile appears, although without evident signs of slow shock modes, when the collision between ions and electrons is reduced, and a differential flow is allowed among electrons and ions.
There is a general consensus [8] that simple models such as two-dimensional setups or the MHD approximation are insufficient to quantitatively describe empirical observations of reconnection phenomenona. Turbulence [22] , the generalized Ohm's law [7] and setups with strong three-dimensional and asymmetrical character [9] are thought to be among the underlying causes of the discordance between the observed reconnection rates and theoretical estimations. As already mentioned, an example for one of the important effects which is neglected by MHD, is the differential flow of species composing the plasma, or the Hall effect thereby generated [7] .
Magnetic reconnection is also observed in exotic and extreme environments [8] , such as gamma-ray bursts. Relativistic effects, radiative pressures, Compton radiation and interactions between elementary particles all have to be accounted for [23] . This work is restrained to non-relativistic environments, as in the the solar corona or Earth's magnetosphere.
B. Two-fluid generalization
MHD relies on the assumption that the electric fields within the plasma are canceled out almost instantaneously by currents in the neutral plasma. This is approximation holds for a conductivity which tends to infinity, due to which the charges in the plasma can be displaced very quickly as soon as an internal field is generated. However, if the temperature of the plasma is high enough or the plasma is highly diluted, the conductivity drops (see Eq. (16)) and the electron and ion momenta must be taken into account separately. In such a case, the approach is to consider the plasma as composed by two (or more) species.
The generalization for a fluid composed by two species of particles starts by considering the conservation of momentum for the particles' species,
where m s and n s are the particles' mass and density, v s the velocity, P s the pressure, q s the electric charge, and η s the kinematic viscosity. Here, the indices s = 0, 1 ands ≡ (s + 1) mod2 indicate the electrons (s = 0) and ions (s = 1). Note that the exchange of momentum density between the populations via Coulomb collisions is proportional to the velocity difference and the collision frequency ν, the third term on the right hand side of Eq. (14) . Since the transfer is symmetric, the same expression is valid for both populations of the plasma. External forces can be considered by adding an extra forcing term, F ext. s .
Combining the momentum and continuity equations for the two populations, the generalized Ohm's law can be derived as [24] :
In most cases, the equation can be simplified considerably. For example, since q1 m1 << q0 m0 , the pressure term of the ionic population is generally much smaller than the pressure gradient for electrons and is therefore often neglected. In a steady state, in the limit of quasi-neutrality of the plasma and in absence of magnetic fields, Eq. (15) reduces to
where σ is the conductivity of the plasma. It follows [25] that in an ionized plasma, in which the electrons and ions collide faster than the typical gyro-frequencies, the conductivity can be regarded as a scalar defined as in Eq. (16). Eqs. (1), (14) , (15) , and the equation of state P s = P s (ρ s /ρ s ) γ , with γ the polytropic index andρ s andP s some characteristic density and pressure, respectively, represent the set of equations of the two-fluid theory. They are recovered by the numerical model used in this work [18] which is shown [20, 26] to correctly reproduce the Maxwell equations (1), the incompressible and viscous fluid equations (14) and the generalized Ohm's law (15) with a kinematic viscosity
with a speed of sound c th = (1/ √ 3)∆x/∆t and τ s a relaxation parameter to tune the kinematic viscosity. In this work, we use γ = 1, and P s = ρ s c 2 th . A major difference to the MHD approach, is that in a two-fluid model electrons and ions are allowed to follow different paths in their flow towards and out of the diffusive region. Numerical and experimental studies, show that this is indeed the case during magnetic reconnection. For example, in Yamada et al. [7] it is described how the motion of the ions is characterized by a higher inertia, thus demagnetizing sooner than the electrons while approaching the diffusive region. On the contrary, electrons follow the magnetic lines deeper into the diffusive region. This creates a differential flow that generates a quadrupole magnetic field. In a two-fluid plasma, it FIG. 1 . Decay of the correlation functions Cx (t) and Cy (t) defined in Eq. (20) . The dotted lines represent the standard deviations of the two correlation functions. In the upper-right panel, the power spectrum of the ionic and electronic energy is shown. We observe that in both cases the characteristic inverse energy cascade has a slope of approximately −5/3, as described in Boffetta and Ecke [27] .
is shown [18] that the Hall effect can differ substantially from the one in a classical conductor, and the quadrupole field affects the dynamics in the diffusive region in a nonlinear manner, thereby increasing the reconnection rate.
II. NUMERICAL SIMULATIONS
It is important to mention that we consider a turbulent plasma with multiple reconnection events, instead of a single reconnection site at steady state. This means that different reconnection processes can happen at different locations simultaneously, and the accelerated fluid might influence globally other reconnection sites. In studies with a single magnetic x-point, with open or periodic boundary conditions, the global dynamic is neglected. The approach here taken is more statistical in nature and the simulations are therefore structured as follows.
First, in a L x × L y × Lz = 1024 × 1024 × 1 system with periodic boundaries in x-and z-direction, a magnetic field of magnitude 10 −4 (in numerical units) is imposed at the top (y = 1024) and bottom (y = 1) boundaries, in positive and negative x−direction, respectively. In this way, an external source of magnetic energy is introduced. Then, a time-dependent forcing induces turbulence in the plasma and drags the magnetic field throughout the system. Secondly, once the turbulence is fully developed, an algorithm identifies the diffusive regions, where opposed magnetic flux are pushed together by the turbulent motion. Finally, the out-of-plane electric field E z in the diffusive regions, as a measure for the reconnection rate is analyzed and statistics is acquired. All the simulations have also been performed with different system sizes, and no difference was evident.
All quantities will be denoted in numerical units. The simulations were performed with the following parameters: ∆t = ∆x = µ 0 = 0 = 1. The electronic and ionic charges and masses have been set to q 0 = −q 1 = −1 and m 0 = 1, m 1 = 100, respectively, such that with the particle densities n 0 = n 1 = 1 they yield the mass densities ρ 1 = 100ρ 0 = 100. All the initial velocities are set to zero, while equal viscosities η 0 = η 1 = 10 −3 have been set via the parameters τ 0 = τ 1 = 0.503. For further details on the numerical model, see Ref. [18] .
A. Generating the turbulence
To ensure an isotropic turbulence, the force is given by a time-dependent superposition of force fields
where A 0 = 10 −3 is the magnitude of each force, N = 10 3 the number of superposed forces, and F l ( x) is defined as In the lower panel, the velocity field of the electronic and ionic populations has been depicted, once the overall average velocity drift has been subtracted.
such that ∇· F (l) = 0. The vectors k l have constant length, chosen such that the force field has a wavelength of 32 cells (or 32 ∆x). The wavelength of the force field is resolved by the numerical method. The direction of each of the N vectors k l is chosen from a uniform random distribution. Every 10 4 time steps, the distribution of k l is randomly calculated again. According to Boffetta and Ecke [27] , the injection scale of the force can be seen in the power spectrum of the turbulence, where the slope of the inverse energy cascade changes to −5/3. This can be seen in Fig. 1 , and it occurs at k ≡ | k| ≈ 32, which is the wavelength of the force field. The spectrum, as in Fig. 1 , remains steady throughout the measurements. The magnetic field of an exemplary time steps is depicted in Fig. 2 . To ensure that the collected data is indeed taken from uncorrelated samples, once the turbulence is developed, the behaviour of the fields were estimated by measuring the correlation function
where s(B i [ x, t 0 ]) is the sign of the i-component of the magnetic field at position x and time t 0 . We assumed that the magnetic fields are uncorrelated once they fulfill the condition
for i = x, y, where SD (C i ) is the standard deviation of the natural fluctuations of the correlation function. As it can be seen in Fig. 1 , this happens about every 10 with a number of larger events that seem to follow a power law distribution, although larger simulations are necessary to confirm this.
turbulence is fully developed, measurements are taken every 2 × 10 4 time steps until at least t = 3·10 5 ∆t. With Reynolds numbers Re s = Lv s /η s > 5·10 3 , in all simulations we avoid vortex condensation.
B. Reconnection rates in turbulent plasma
Magnetic reconnection occurs when two opposed magnetic flux tubes are brought together, as it can be seen in Fig. 3 . Between them, i.e. inside the diffusive region, the magnetic field cancels out, and therefore, reconnection sites are characterized by a vanishing magnetic field. Considering the surface defined by | B S |, where B S = (B x , B y ), the nodes of the lattice where the condition
is fulfilled are clustered with the Hoshen-Kopelman algorithm [29] , and the point of lowest | B S | of each cluster is chosen. Note that the reconnection sites with a background guide field in z-direction are also taken into account. The results of the experiments are unaffected by the choice of in a range between 10 −3 to 10 −1 . Data presented in this work have been gathered with = 1·10 −2 . To include only the magnetic x-points, and exclude eventual local maxima and minima of the surface defined by | B S |, we evaluate the curvature of the scalar potential defined by ∇A ×ê z ≡ B S . Reconnection sites are saddle points of A [17] , and without the explicit knowledge of FIG. 5 . Relation between Γ, measured via the out-of-plane electric field Ez [28] , and the largest eigenvalue λ1 of the Hessian matrix, as defined in Eq. (23), for different collision frequencies ν. Here, α denotes the slope of the fitting curves defined in Eq. (25) .
the magnetic potential, with its definition, the Hessian matrix
can be easily expressed with discrete derivatives of B x and B y . If the eigenvalues are of opposite sign, the point is taken into account, discharged otherwise. If a cluster defined by Eq. (22) is divided by magnetic islands, as described in [8] , i.e. areas in which the eigenvalues of the Hessian are of the same sign, the cluster is divided into different reconnection sites accordingly. We define λ 1 and λ 2 as the largest and smallest eigenvalue, respectively. The curvature is approximated with an ellipsoid, the axes of which are represented by the eigenvectors of the Hessian matrix. These are direct measures of the curvature at the sites, and therefore, the squared root of the inverse of the eigenvalues is proportional to the typical lengths along which the magnetic field changes. This means, the depth and the length of the diffusive regions can be expressed by
The eigenvalues differ roughly by a factor 10, with variations that do not exceed an order of magnitude. The contained variations of the aspect ratio (see Fig. 4 ) indicate that most of the reconnection sites have an aspect ratio around ∼ 0.3, in contrast with other studies where this quantity can vary within several order of magnitudes [7, 17] . From Fig. 4 we also observe that most of the reconnection events possess reconnection rates around 5·10 −4 with some larger values that seem to follow a power law distribution, although larger simulations will be needed to confirm the latter statement. Another interesting finding is that the reconnection rates Γ = E z /B rms depend linearly on the largest eigenvalue of the Hessian matrix. See Fig. 5 where three examples for three different collision frequencies are shown, fitted with polynomial of first degree:
with α (ν) a fitting parameter. We have also noticed that δ and L are loosely correlated, and therefore, the reconnection rates might be written as proportional to the inverse of the area of the diffusive region, and not to their aspect ratio. In fact, we verified that δ/L and Γ show no correlation throughout our simulations. By tuning ν, we found that the slope of the correlation between the reconnection rates and λ 1 scales with the collision frequency squared (See Fig. 6 ). That is, the parameter α (ν) in Eq. (25) can also be expressed as:
with β a fitting parameter. Finally, the reconnection rate using Eqs. (24), (25) , and (26) can be rewritten as
As mentioned in Sec. I A, the reconnection rate in the Sweet-Parker model is thought to be inversely proportional to the conductivity, and to the inverse of its logarithm in the Petschek model. For a comparison of the Sweet-Parker, Γ SP in Eq. (11) , and Petschek reconnection rates, Γ P in Eq. (13) , to those measured in our simulations, Γ, the dependencies can be summarized as follows:
A final observation is that the ratio δ/L = λ 2 /λ 1 is not affected by changing the collision frequency. This indicates that the geometry of the reconnection sites is independent from the parameter ν, although the collision frequency affects the reconnection rates and the size of the diffusive regions. Note also that the average reconnection rate remains almost constant in time throughout the whole simulation (see Fig. 6 ).
III. CONCLUSIONS AND OUTLOOK
We have performed simulations of a two-fluid turbulent plasma and studied the magnetic reconnection process. By varying the electron-ion collision frequency, and therefore the conductivity of the plasma, we have measured a new relation between the reconnection rate, the plasma conductivity and the depth of the diffusive region, namely,
The reconnection rates measured lied within the orders of 10 −7 − 10 −3 . Experimental studies with variational electron-ion collisionality [7] seem to corroborate the fact that the reconnection rate is affected by the collision frequency. To our knowledge, the reconnection rate in a turbulent plasma has not yet been measured experimentally, and therefore Eq. (29) could not be validated.
By comparing our simulations to the Sweet-Parker and Petschek models, we evince some discrepancies, in particular in the proportionality of the reconnection rates to the plasma conductivity, ∝ 1/σ (Sweet-Parker) and ∝ 1/ log σ (Petschek). Also the measured aspect ratios with values around 0.3 rule out the characteristic SweetParker geometry which assumes δ L. The reason for this discrepancies can be due to the fact that we considered a turbulent two-species plasma that satisfies a generalized Ohm's law, while the mentioned theoretical models are based on time-independent resistive magnetohydrodynamics, where the origin of the diffusive region is not well-defined. In future, it would be interesting to expand the simulations of turbulent two-fluid plasmas from the 2.5D used in this work to a fully three-dimensional system.
Our results suggest that the aspect ratio of the diffusive region is unaffected by changing the collision frequency within one order of magnitude. In over 98% of the cases, δ/L assumed values between 0.1 and 0.9, with a peak around 0.3, and no correlation between δ/L and ν could made be evident. Another interesting finding, is that δ/L does not seem to affect the reconnection rates, in contrast with other results based on MHD [17] . Since δ and L are correlated, our reconnection rate can also be expressed as proportional to the inverse of the area of the diffusive region, rather than to its aspect ratio.
Changes in the global Reynolds number, although limited to one order of magnitude due to stability reasons, caused no noticeable effects on our findings. The dependence of the aspect ratio with respect to the Reynolds number of the system, as well as other plasma characteristic quantities, is a question that we intend to address in future. Additionally, as data from the MMS [15] will be made available, we expect to compare our results to real physical systems.
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